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§0. Introduction

These notes provide an introduction to both the quantitative and qualitative methods of solving ordinary differential equations. Emphasis is placed on ﬁrst and second order equations with constant coefﬁcients. The equations studied are often derived directly from physical considerations in applied problems.

This is not designed as a mathematical theory course, but rather as a workbook in the application of these particular techniques. More advanced mathematical treatises can be consulted for a theoretical treatment of the subject matter.

This is also not a course in using computers to solve differential equations. Students are encouraged to use such devices, as appropriate, in working on the problems here. The emphasis here is on the conceptual reasons that the methods used by computers work. The speciﬁc objectives are as follows.

(1)To be able to identify and classify an ordinary differential equation.

(2)To understand what it means for a function to be a solution of an ordinary differential equation.

(3)To be able to ﬁnd the solution to certain simple ordinary differential equations.

(4)To be able to discover some properties of the solution of an ordinary differential equation without actually ﬁnding the solution.

(5)To be able to derive an ordinary differential equation as the mathematical model for a physical phenomenon.

The reader should take the time to work through all of the exercises and problems in order to understand the steps thoroughly. Doing so will virtually guarantee success in learning the material.
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§1. A Simple Growth Model

A simple model for growth is introduced and the corresponding differential equation is derived and solved.

Example 1–1. The number P(t) of bacteria in a colony at time t is to be studied. The culture contains an ample food supply and there are no predators for the bacteria in the culture. The time frame under consideration is assumed to be short relative to the life expectancy of an individual bacterium. Under these conditions the only way in which the population size changes is by birth of new bacteria. One reasonable assumption is that the number of births is proportional to the number of bacteria currently alive. By equating rates of change, this assumption leads to the model

dtd P(t) = kP(t)

for all t > 0 where k is the proportionality constant. The constant k has the interpretation as the birth rate for the colony.

The equation derived above is called an ordinary differential equation because the equation expresses a relationship between the unknown function P(t) and its derivative. (The adjective ‘ordinary’ means that only ordinary derivatives appear in the equation; there are no partial derivatives appearing in the equation.) More completely, an ordinary differential equation is an equation which expresses a relationship between the derivatives of an unknown function, the independent variable, and the unknown function itself.

The equation above is a ﬁrst order differential equation because only the ﬁrst derivative of the unknown function P(t) appears in the equation. The equation has constant coefﬁcients because the unknown function P(t) and its derivatives are multiplied only by constants, not by functions of the independent variable t. The equation is linear because the unknown function P(t) and its derivatives appear only to the ﬁrst power. The equation is also homogeneous because the function P(t) which is identically 0 for all t satiﬁes the equation.

d

Exercise 1–1. Verify that if P(t) = 0 for all t then dt P(t) = kP(t) for all t > 0. Thus

d

the differential equation dt P(t) = kP(t) is homogeneous.

A solution of an ordinary differential equation is a function which satisﬁes the equation at all points in the domain of the function.

Exercise 1–2. Show that the function P(t) = ekt solves the differential equation above. (Note that the domain of the function ekt is all real numbers t.) Are there any other solutions?
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§1: A Simple Growth Model 4

The previous exercise points to a two step method for solving homogeneous ﬁrst order linear ordinary differential equations with constant coefﬁcients.

(1)Try a solution of the form emt and ﬁnd the value of m that makes this function a solution.

(2)The general solution is then of the form Cemt where C is an arbitrary constant.

This procedure shows that, with one exception, the solution of a homogeneous ﬁrst order linear ordinary differential equation with constant coefﬁcients is an exponential function.

Exercise 1–3. What is the one exception?

Example 1–2. In order to solve the equation dtd A(t) = 5A(t) try a solution of the form emt. Substituting this trial solution into the equation leads to

memt = 5emt

and this equation holds for all t only if m = 5. The general solution of the equation is A(t) = Ce5t.

Example 1–3. In the bacteria problem suppose the initial population is 100 and the growth rate is 5%. Then P(t) = Ce0.05t is the general solution to the differential equation. Since the initial population is 100, P(0) = 100. Using this fact and the general solution shows that C = 100. Hence P(t) = 100e0.05t.

In the case of the previous example the given information P(0) = 100 is called an initial condition, for obvious reasons. The initial condition is used to ﬁnd the appropriate value of the arbitrary constant that appears in the general solution of the differential equation.










§1: A Simple Growth Model 5

Problems

Problem 1–1. Solve the equation dtd B(t) = 3B(t) for t > 0 under the assumption that B(0) = 50. What is the domain of the solution?

Problem 1–2. Solve the equation dtd B(t) = 3B(t) for t > 0 under the assumption that B′(0) = 50. What is the domain of the solution?

Problem 1–3. True or False: The function x(t) = e−t + 1 is a solution of the

d2

differential equation dt2 x(t) + x(t) = 1.

d2

Problem 1–4. For what value(s) of λ is cos λ t a solution of the equation dt2 f (t) + 9f (t) = 0?

Problem 1–5. True or False: The function x(t) = t is a solution of the equation x′′(t) − tx′(t) + x(t) = 0.

Problem 1–6. True or False: The equation x′′(t) + 3x(t) = 5 is a homogeneous ordinary differential equation.

Problem 1–7. For what value(s) of m is emt a solution of the equation x′′(t) + 3x′(t) + 2x(t) = 0?

Problem 1–8. Let A(t) denote the amount of money in an interest earning bank account at time t. Then dtd A(t) = kA(t) is a reasonable model for A(t). Find k if the account pays interest at a rate of 5% compounded daily. (In this setting the constant k is called the force of interest.) If the initial amount in the account is $1000, how much is in the account after 10 years?

Problem 1–9. Let A(t) denote the amount of a radioactive substance that is present in a sample at time t. The usual model for radioactive decay is that dtd A(t) = kA(t). The rate of decay for radioactive isotopes is usually speciﬁed in terms of the halflife. The half-life of an isotope is the time required for one-half of the initial amount to decay. If the half life of an isotope is 12 years, what is k? What is the general relationship between the half-life of the isotope and k?

Problem 1–10. Suppose the food supply for a bacteria colony is limited and can only support 2000 bacteria. Write a differential equation that could be a model for this situation. Is your equation ﬁrst order? Linear?

Problem 1–11. Solve the equation dtd A(t) = 6t + 7 with the initial condition

A(0) = 3. Hint: Simply integrate both sides.










§1: A Simple Growth Model 6

Solutions to Problems

Problem 1–1. The general solution is of the form B(t) = Ce3t. Since B(0) = 50, 50 = Ce3 0, and so C = 50. The solution is B(t) = 50e3t. The domain is the set of all real numbers.

Problem 1–2. The general solution is B(t) = Ce3t. Since B′(0) = 50, 50 = 3Ce3 0 so C = 50/3. The solution is B(t) = (50/3)e3t. The domain is the set of all real numbers.

Problem 1–3. True, by substitution.

Problem 1–4. By substitution, cos λ t is a solution if and only if λ 2 + 9 = 0.

	Problem 1–5. Since
	d2
	 
	d

	 
	tt = 0 and
	 
	tt = 1, substitution shows that the answer

	dt2
	 

	 
	 
	dt

	is true.
	 
	 
	 



Problem 1–6. The zero function is not a solution, so the equation is not homogeneous. Hence the answer is false.

	 
	d2
	emt = m2emt and
	d
	 

	Problem 1–7. Since
	 
	 
	emt
	= memt the requirement on m

	dt2
	 

	 
	 
	dt
	 



becomes m2 + 3m + 2 = 0, which is satisﬁed for m = −2 and m = −1.

Problem 1–8. The general solution is A(t) = Cekt. Assume time is measured in days. Then A(1) = (1 + 0.05/365)A(1) by the deﬁnition of daily compounding of interest. Substituting the general solution gives ek = 1 + 0.05/365 so k = ln(1 + 0.05/365). If A(0) = 1000 then C = 1000 too and after 10 years (or 3650 days) the amount in the account is 1000e3650 ln(1+0.05/365) = 1648.66.

Problem 1–9. The general solution is A(t) = Cekt. Note that C = A(0). If the half life is 12 years then A(12) = A(0)/2. Using the general form of the solution gives A(0)/2 = A(0)e12k from which k = (1/12) ln(1/2). More generally the same argument shows that k = (1/T) ln(1/2), where T is the half-life.

Problem 1–10. Considering the way in which dtd P(t) should depend on P(t) shows that dtd P(t) should be 0 if P(t) = 0 or P(t) = 2000, while this derivative should be positive for 0 < P(t) < 2000 and negative otherwise. One model satisfying these conditions is dtd P(t) = kP(t)(2000 − P(t)). This equation is ﬁrst order but not linear. There are many others.

Problem 1–11. Integrating both sides of the original equation from 0 to t gives A(t) − A(0) = 3t2 + 7t. Using A(0) = 3 gives A(t) = 3t2 + 7t + 3.











§1: A Simple Growth Model 7

Solutions to Exercises

Exercise 1–1. Just substitute the zero function on both sides of the equation and verify that equality holds.

Exercise 1–2. Here just substitute again and check for equality. Since dtd ekt = kekt, the function ekt is a solution. If g(t) is any other solution, what is dtd g(t)e−kt?

Exercise 1–3. The function which is identically zero is also a solution.
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