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Supplementary material for

Evolution of Microbial Genomes: Sequence Acquisition and Loss

Otto G. Berg and C. G. Kurland

Department of Molecular Evolution, Uppsala University, Uppsala Sweden

1. A panmictic population model.

We use a birth-and-death (Markov) process to model the genetic drift of novel

sequences in populations. Here, it is assumed that the state of the genome of each individual in the population can be described as containing or not containing a particular novel sequence generated by nucleotide substitution, gene transfer, intragenomic recombination, duplication or deletion. The number, n, of individuals that carry that particular sequence determines the

	state of the population.
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In this scheme the individuals multiply by duplication. Those that carry an active copy of the novel sequence are assumed to have a relative growth rate advantage (selection coefficient) s relative to the ones that do not carry it. The population is kept at a constant size, N, by random removal of one cell each time any cell in the population divides. This replication scheme corresponds to a Moran model (Moran, 1958) formulated in continuous time for a population with overlapping generations. When the novel sequence is an intact coding sequence, it can be inactivated by mutation with probability u in each replication. Inactivation may result from base-pair substitution, insertion or deletion. Table 1 shows a list of the parameters used in the calculations.

Consider a population of constant size (N cells). At some initial time, one cell has incorporated a novel coding sequence and the population is in state n = 1. This gene will







spread or be lost in the population through genetic drift and selection. At the same time, the gene is subject to random inactivating mutations. What is the probability of the eventual fixation of the active version of this gene in the population? Assuming for the moment that

the new gene cannot be lost once it has been fixed, kN− = 0, there are two possible outcomes

for the population: either n = 0 and the gene is lost, or n = N and the gene is fixed in an active

form in the population. By considering the process with kN− = 0, we are asking whether the

new gene will take over the population at any time before the ultimate loss. The probability that the system ends up in the state n = N corresponds to the fixation probability, Pfix, which is found to be:

	Pfix =
	1
	 
	(2)

	N −1 i
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	1+ ∑∏
	kn
	 

	 
	+
	 

	 
	i =1 n=1
	kn
	 



This is the probability that the new gene totally takes over the population in an active form at least once before it is ultimately lost. Equation (2) is a standard result for a Markov process like the scheme in equation (1) with absorbing barriers (eq. 2.135 of Ewens, 1979).

When kN− > 0, there is only one final outcome, total loss. When initially the new gene

is present in only one individual, the mean residence times in each state n can be calculated as (eq. 2.137 of Ewens, 1979):
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	(for 2 ≤ n ≤ N )
	(3)
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Thus to calculate the fixation and residence, we need to identify all the rates in equation (1). Assume that the individuals without the novel gene grow with growth rate constant

=1, and those with the novel gene grow at rate (1+s), where s is the selective advantage (or disadvantage if s < 0). Note that choosing the growth rate constant =1 implies a choice of time units so that the generation time (or doubling time) then equals ln(2). Thus all calculated times below are given in generations/ln(2). The transition rates can be calculated as follows:











The system will move from state n to n+1 when one of the n individuals carrying the gene divides. This corresponds to the rate (1+s) n multiplied by the probability (1-u) that there is no inactivating mutation in the gene. After such a division, the population consists of N+1 individuals out of which n+1 carry the novel sequence. The population is kept at constant size by random removal of one cell, with probability (N-n)/(N+1) that this is not an individual carrying the gene. Furthermore, if the gene is infective (e.g. plasmid borne) it can be transferred by direct contact between a carrying and non-carrying individual at a rate γ. Thus, the rate of moving from state n to n+1 is

								
	kn+ = (1+ s)(1−u)
	n(N −n)
	+γ
	n(N −n)
	 
	(4)

	 
	N

	 
	N +1
	 

	Similarly, one finds that the rate of moving from state n to n-1 is
	 

	kn− = [N −n +u(1+ s)n]
	n
	 
	 
	 
	(5)

	N +1
	 
	 

	 
	 
	 
	 
	 



This rate constant is composed of two effects: On the one hand, one of the N-n individuals without the novel sequence divides with rate 1. Alternatively, one of the n individuals carrying the novel sequence divides with rate (1+s) and subsequently is inactivated by a mutation, with probability u per replication. Both of these paths lead to a population of size

N+1 where n individuals carry the novel sequence. Finally, with probability n/(N+1) one of the novel sequence-carrying individuals is removed.

The properties of the scheme in equation (1), are determined primarily by the ratio of the rates of decrease and increase
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In the neutral limit, s = γ = 0, and assuming u<<1, this gives

Kn ≈1+u NN−n




(6a)

(6b)










2. Fixation probability and penetration.

If a novel gene has been acquired by one individual, the probability that this gene will

spread and become fixed throughout the global population of size N can be calculated using equations (2) and (6). With the assumption that u, s, and γ are all <<1, we obtain:

	Pfix ≈
	 
	 
	1
	(7).

	1−1/ N

	 
	N
	∫
	e−xN (s+γ ) (1− x)−uN dx
	 

	 
	 
	0
	 
	 



This approximation holds well in most ranges of parameter values (Figure 1) except in the region where s+γ ~ u(1+ln(1/u)) and uN>>1. For s = γ = 0, the probability of neutral fixation

( Pfix0 ) is approximately:

	P0
	≈
	1
	 
	 
	1−uN
	(8)

	 
	 
	− N uN −1

	fix
	 
	N 1
	 



In the limit when there is no loss due to inactivating mutations, u = 0, this approximation reduces almost exactly to the well-known result for a neutral change, Pfix0 = 1/N (Kimura,

1962). In contrast, the fixation of a neutral or weakly selected gene becomes virtually impossible when uN is large (Figure 1A).

In the limit u = 0, a text book example of the selection-drift model for the fixation of new genetic traits is obtained. In this limit, the right hand side of equation (2) can be evaluated exactly to give:

		P =
	1−(1+ s +γ )−1
	≈
	s +γ
	(9)

		1−(1+ s +γ )−N
	1−e−(s+γ ) N

		fix
	 
	 



Values of Pfix calculated according to (9) correspond to the plateau levels for small uN values in Figure 1. Thus, in the absence of inactivating mutations, the infectivity, γ simply adds to

the selection coefficient s. The approximation holds in the expected limit |s+γ| << 1. A more common formulation of equation (9) would have the factor 2N rather than N (Kimura, 1962).






This difference comes from the sampling used in the scheme of equation (1), where an individual is immediately removed after each growth event, while the more common WrightFisher model uses binomial sampling in each generation. The scheme in equation (1) with overlapping generations may be more applicable to microbial populations, but there is little difference in the predictions of the models except for such factors of 2.

Of course, when the new gene is selected, s > 0, the fixation probability increases. However, if the values of s + γ are not sufficiently large, the influence of inactivating mutations may reduce the probability of takeover by an active version of the novel gene to virtually zero. On the other hand, under such conditions the new gene could persist in the population for long times even if it does not penetrate fully. Thus for a selected gene, the residence time may be a more interesting quantity than the fixation probability.

3. Transience of genes.

Unless selection is strong, novel sequences will have a very low probability of penetrating the whole population and to be fixed in an active form. Furthermore, intact neutral or near neutral sequences have a limited survival time in the genome even when they have been fixed. They can, however, contribute significantly to a transient presence of novel

sequences in the population. Inspection of the full scheme in equation (1) with kN− =

u(1+s)N2/(N+1) from equation (5) reveals that all novel sequences will eventually be lost when u>0.

Assuming that the new sequence starts in a single individual, the mean time, τn, during which the population contains n individuals that carry the novel gene can be calculated using equations (3) and (6). The products in equation (3) can be written as gamma-functions giving
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Here, U = u (1+s), and it is assumed that U<<1 and N>>1. The first approximation is based on Stirling's formula and holds well for all parameter values. The last approximation in equation (10) is not as good for values of n close to N. This result is similar in form to the distributions given by Wright (1931, 1937).

The total mean time that a sequence will remain in the population is:

	N
	1
	 
	 

	Tper = ∑τn ≈ e−s−γ
	∫ e(s+γ ) Nx x−1
	(1− x)uN −1 dx
	(11)

	n=1
	1/ N
	 
	 



The integral approximation holds well for most parameter values (Figure 2). In the limit of no selection, s+γ=0, the integral is the same as the corresponding result from the diffusion approximation (eq. 5.61 of Ewens, 1979; we note that extra factors of 2 come from the diploid model and binomial sampling of the Wright-Fisher model described there). With a large inactivation rate, uN>1 and weak selection s<u, the persistence time Tper approaches – ln(|s+γ|+u). It is important to note that even if selection is strong (i.e. sN>1) the residence times will be short when uN>>1 and s<u.

Another relevant quantity is the sum total of the expected life times of all individuals that ever carry the gene, Tsum:
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	1
	 

	Tsum = ∑nτn ≈ Ne−s−γ
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	(12)

	n=1
	1/ N
	 






For the case of a neutral sequence that arises in a single individual, we obtain










	Tsum0 = ∑nτn =1/ u
	(13)

	n
	 



Thus, the sum of the total life times of all individuals in the population that at some time carry an intact neutral gene starting with a single such individual is the same as the mean lifetime of that sequence when there is no growth and replacement. Here, the lifetime of the sequence would be determined solely by the rate of random inactivation. This result can be understood as follows: For a neutral sequence, random drift will equally often increase and decrease the copy number so that on average drift does not contribute to the lifetimes. Equation (13) is valid for a neutral sequence regardless of the population size and population structure. It means that any and all neutral or near neutral sequences are always to be understood as transient residents of a population unless values for (s+γ) increase to large positive values.

4. Diversity in gene content

We assume that any cell may acquire a novel sequence with selection coefficient, s at the rate cs sequences per unit time. We assume that such acquisitions are rare so that any particular sequence is only imported once. A sequence that enters a genome at time t’ will be present at time t in n individuals with probability Pn (t-t’). Thus, the probability that this

particular novel sequence is still present in the population at time t is ∑Pn (t −t') . Since

n

csNdt’ new sequences were added to the population during the time interval dt’, the expected total number of different novel sequences transiently present in the population is given by:

	N t
	N
	 

	Xtr = cs N ∑∫ Pn (t −t ')dt ' = cs N ∑τn = cs NTper
	(14)

	n=1 −∞
	n=1
	 



Here τn = ∞∫Pn (t)dt by definition corresponds to the mean residence time as given in equation

0




(3). Similarly, the expected number of novel sequences present in any one individual can be calculated from








	Ytr = cs ∑nτn = csTsum
	(15)

	n
	 



The residence times also determine the distribution for these transient sequences. The number of different sequences that are present in n individuals only is given by

	xn = cs Nτn
	(16)



It should be noted that the stationary distribution (xn) given by equations (10) and (16) describes a flux of different novel sequences that are continually added and deleted. Thus the distribution is stationary but the sequence identities involved are changing.

The homogeneity in the population can be expressed as the average fraction of

individuals that carry a particular novel sequence:

	F =Ytr / Xtr =Tsum /(NTper )
	(17)



This ratio is shown in Figure 3A. The probability that a particular novel gene picked at random can be found in n individuals can be expressed as (n/N)xn/Ytr = nτn/Tsum. Thus the genomic heterogeneity with respect to gene content can be calculated as the fraction of novel sequences that are present in one randomly chosen individual and not in another (Figure 3B):

	H = ∑n(1−n / N )τn / Tsum
	(18)

	n
	 



Whenever there is finite attrition due to mutation (u > 0), all neutral or near-neutral genes will have a limited persistence in the genome. We assume for the moment that the genome is in a stationary state in which an equal number of neutral sequences are being added and removed over evolutionary time. If the rate of acquisition of new neutral genes by an individual cell is c0, the expected number of novel neutral genes in the genome of each

individual (Ytr0 ) is given by equations (13) and (15):

	Y 0
	= c
	0
	/ u
	(19)

	tr
	 
	 
	 



Here, for simplicity, we equate the deletion rate of an expressible coding sequence with the mutation rate (u), which is the inactivation rate of active sequences. The general expressions






for the number (xn) of novel genes that are present in n individuals, are given in equations (10)

and (16). In the neutral limit, this distribution of gene frequencies ( xn0 ) simplifies to:

	xn0 ≈ c0 (N / n)(1−n / N )Nu−1 , n<N
	(20)



xN0 ≈ c0 N 1−Nu Γ(Nu)

As can be seen in Figure 3A, for large values of uN, the ratio Ytr0 / X tr0 is

approximately 1/(10uN). This then is a measure of the homogeneity of the gene frequency distribution, as in equation (17). Another measure is the heterogeneity in equation (18), which when calculated for neutral sequences (s=γ=0) is found to be

H0 = uN/(uN+1) (21) This description does not account for the possibility of back mutations that

suppress (reactivate) a defective mutant (an inactivated gene). This is a negligible omission since an inactivating mutation can occur in a great many ways at a large number of sites, while a back mutation that reverses or suppresses the original mutation will be a much rarer event.

We note in passing that we have taken u as the rate of inactivating mutation rather than the rate of sequence removal. As a consequence, the calculations for the frequencies of active coding sequences do not include a much larger number of pseudogenes in various stages of decay, c.f. equation (40) below. Accordingly, we expect that most of the novel sequences transiently resident in microorganisms will be pseudogenes.

5. Patchy populations.

A global population of individual microbes may be viewed as an assemblage of a large number of local subpopulations, or patches. Such an assemblage of patches is most interesting when individual patches are for the most part independent of each other. In such an assemblage the coherence of the global population is maintained by occasional exchange of






either individuals or coding sequences between patches. In addition, patches may become extinct and individuals from a different patch may recolonize that patch (Maruyama and Kimura, 1980). In this way, new genetic sequences can be spread throughout the patchy global population.

If migration between patches is sufficiently fast, the whole population will appear to be panmictic and it can be described as above. The other extreme, for which migration between patches is slower than the changes within them, is in our opinion a more realistic description of natural populations. Here, the effective population size (Npe) of individual patches is small, which will be the case for instance in a clonal population where fixation of neutral or near-neutral genes is dominated by hitchhiking events. In this limit, there is little diversity within a patch and it is convenient to study the dynamics of patchy populations by taking the patches rather than individuals as the units of the population. For example, the initial state of the transfer process can be taken as the fixation of a novel sequence in one patch, as described above for a small population.

In this case, the global population is assembled from a large number, M, of patches, each with a total number Np of individuals. If a novel sequence has reached fixation in m

patches, it can continue to spread to one more patch with rate km+ , or it can be lost from one of

the m patches with rate km− . Thus in the scheme of equations (1) – (3), N and n are replaced by

M and m. Competition and possible takeover or loss would follow such invasions. Furthermore, patches can become extinct and be recolonized by members from any other patch. Assuming that members or sequences may invade any patch from any other patch with rate λ per unit time (generation), and that any patch becomes extinct and recolonized with rate d, the overall rates of change can be expressed as follows:

	k +
	= λ
	m
	 
	(M −m)Pinv (s) + d
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	(M −m)
	(22)
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